Coupling an electromechanical resonator with carbon-nanotube quantum dots is a significant method to control both the electronic charge and the spin quantum states. By exploiting a novel micro-transfer technique, we fabricate two strongly-coupled and electrically-tunable mechanical resonators on a single carbon nanotube for the first time. The frequency of the two resonators can be individually tuned by the bottom gates, and strong coupling is observed between the charge states and phonon modes of each resonator. Furthermore, the conductance of either resonator can be nonlocally modulated by the phonon modes in the other resonator. Strong coupling is observed between the phonon modes of the two resonators, which provides an effective long distance electron-electron interaction. The generation of phonon-mediated-spin entanglement is also analyzed for the two resonators. This strongly-coupled nanotube electromechanical resonator array provides an experimental platform for studying the coherent electron-phonon interaction, the phonon mediated long-distance electron interaction, and entanglement state generation.
Coupling an electromechanical resonator with carbon-nanotube quantum dots is a significant method to control both the electronic charge and the spin quantum states. By exploiting a novel micro-transfer technique, we fabricate two strongly-coupled and electrically-tunable mechanical resonators on a single carbon nanotube for the first time. The frequency of the two resonators can be individually tuned by the bottom gates, and strong coupling is observed between the charge states and phonon modes of each resonator. Furthermore, the conductance of either resonator can be nonlocally modulated by the phonon modes in the other resonator. Strong coupling is observed between the phonon modes of the two resonators, which provides an effective long distance electron-electron interaction. The generation of phonon-mediated-spin entanglement is also analyzed for the two resonators. This strongly-coupled nanotube electromechanical resonator array provides an experimental platform for studying the coherent electron-phonon interaction, the phonon mediated long-distance electron interaction, and entanglement state generation.
I. INTRODUCTION
Carbon nanotubes (CNTs) [1] are noted for their nearly perfect structures with nanometer diameter, ultralow mass density, great mechanical strength and elastic properties, as well as ballistic electron transport [2, 3] . Owing to good electrical conductivity and lack of impurities and net nuclear spin, the electron charge and spin states in gate-defined CNT quantum dots (QDs) [4] [5] [6] [7] [8] are promising candidates for solid-state quantum information processing. However, a scalable quantum processor requires long-range couplings, which is a challenge for QDs, because there are only local interactions between neighboring QDs. Many researches have been undertaken on the development of a "quantum bus" to transfer quantum information, carried by electrons, over certain distances [9, 10] . For example, a single electron can be conveyed between QDs over distances of micrometers [11, 12] , and an integrated superconducting microwave cavity can mediate the coupling between spins over distances of millimeters [9] .
On the other hand, the excellent mechanical properties of CNTs enable their use as high frequency and high-quality-factor nanomechanical resonators [13, 14] . The vibrations of suspended CNTs can modulate the electrochemical potential of quantum dots, which leads to coherent coupling between single electron charge and phonon [15, 16] . Additionally, the deformation of CNTs can induce an effective transverse magnetic field applied on the electron spins that arises from the spin-orbit interaction [17] [18] [19] , thereby allowing spin flips by phonons [20, 21] . These approaches provide avenues toward the coherent operation and transduction of the quantum state of CNT QDs by a phonon, or alternatively, the electronic manipulation of the phonon quantum state [22] [23] [24] [25] [26] [27] . Theoretically, mechanically-induced two-qubit gates and maximally-entangled states for two spins trapped in a single CNT have recently been studied [28] . However, those previous works have only focused on the localized electron-phonon interactions. Hence, the great potential of using phonons as flying qubits for communicating electron spins over long-distance [29] [30] [31] is overlooked.
Here we demonstrate a highly-tunable electricallycoupled nanomechanical resonator system of a single CNT with two suspended sections. We developed a novel transfer method, which can precisely posit the CNT to the designated location and maintain the clean surface of the CNT without requiring of chemical treatment. In the conductance spectrum, an avoided crossing indicates a strong coupling between the two CNT electromechanical resonators and the hybridization of two modes, and also proves the strong coupling between the electron charge and individual hybrid mode. To our knowledge, this is the first demonstration of non-local coupling between an electron charge and phonon in a carbon nanotube. Our theoretical study also predicts that remote-entanglement spin-state preparation is feasible in this device, for practical experimental parameters.
II. RESULTS
A. Experiment Setup Figure 1 shows the sample fabrication method, where a CNT (typically single-or double-walled, 2-3 nm in diameter and grown by chemical vapour deposition) is suspended over two trenches (1.2 µm wide, 200 nm deep) between three metal (Ti/Au) electrodes. The CNT is transferred by a novel near-field micro-manipulation method, by which the perfect clean single CNTs are deterministically and precisely posited on the electrodes, without degrading the quality of the CNT (see Fig. 1 ). The measurements are performed in a He3 refrigerator at a base temperature of approximately 270 mK and at pressures below 10 −6 torr (see Methods for details). The suspended CNT is biased and actuated by two electrodes underneath the CNT (Fig. 2(a) ). Each suspended section of the CNT simultaneously serves as both a mechanical resonator and a quantum dot. The gate voltages, V g1 (2) , induce an average additional charge , 2) on the CNT, where C gi is the capacitance between the i-th gate and the CNT. The attraction between the charge q i and its opposite charge −q i on the i-th gate causes an electrostatic force downward on the CNT, leading to a mean electrostatic force on the CNT as
Here, ∂Cgi ∂z is the derivative of the gate capacitance with respect to the distance between the gates and the CNT, while V DC gi and δV gi are the DC bias and AC signal electric fields applied to the electrodes, respectively.
By applying a DC voltage V DC gi , the nanobeam-type nanomechanical resonator can be deformed by the static force
2 , and the induced additional tension on the CNT changes the frequencies of the mechanical resonances. In addition, the electron transport properties of the quantum dot also depend on the electrochemical potential on the dot, and so are controllable by the DC voltage. For instance, Figs. 2(b, c) show the currents I 1(2) through the quantum dot as a function of gate voltage. The 1st quantum dot is working in the Coulomb blockade regime, while the 2nd is working in the FabryPerot interference regime [32] . Both quantum dots can be tuned to work in different regimes by changing the V DC gi [14, 33] . If an RF driving field δV gi (t) = δV RF gi cos(2πf gi t) is applied, when the frequency f gi approaches the resonance frequency f 0i = ω m,i /2π of the i-th resonator, the periodic driving force
gi δV gi (t) will effectively actuate the mechanical vibration. The phonons can also be generated by a parametric driving force
B. Individual nanotube resonators
Before studying the coupled resonators, we first investigate the two mechanical resonators independently. Owing to the RF driving force, we obtain the driving displacement vibration δz(ω, t) = A(ω) cos(ωt + φ), with driving frequency ω, amplitude of the mechanical oscillator
phase factor φ, effective mass m eff and nonlinear Duffing term α. The displacement-modulated capacitor of the suspended CNT can modify the current, which has the same effect on the modulated gate voltage as
Cgi ∂Cgi ∂z δz(ω, t) [14, 34] . Therefore, the drain-source current changes with time as I SD,i (t) = 
n , with the I DC SD,i shown in Fig. 2 . The measured change of the DC current is approximated by
to second order. Figure 2 shows the measured DC current as a function of driving frequency at low temperature, for various driving powers. For relatively low driving powers, the spectra show symmetry peaks. The Duffing coefficient α is measured to be of the order of 10 12 kg/(m 2 s 2 ). High order nonlinearities begin to exist when the driving power is larger than -40 dBm. (see the supplementary materials).
The quality factor Q of the resonator and resonance frequency of the CNT resonator are determined by fitting the spectrum obtained at low driving power with a Lorentzian function. The quality factors of both resonators are ∼ 10 4 (largest value in our measurements), which yield an energy relaxation time of 13 µs. Figs. 2(d,  g) show the broadband tunability of the resonance frequency f 02 = ω m,2 /2π, which is linearly increased with V DC g2 . This can be explained as an incremental increase of the elastic tension on the nanotube, which is almost linearly proportional to the perturbative DC voltage applied to the gate. From the data for resonator 2, we fit the coefficient df 02 /dV DC g2 = 40 MHz/V. This number is orders of magnitude larger than those reported for other systems, such as 2 kHz/V for tunability with capacitive forces [35] , 240 kHz/V with a Lorentz force [36] , 40 kHz/V for piezoelectric NEMSs [37] , and 10 kHz/V for a dielectric force setup [38] . Such a large frequency-shifting coefficient, as demonstrated by our CNT nanomechanical device, allows us to tune the phonon modes to be on-resonance or off-resonance with each other, offering a great ability to reconfigure the phonon-electron system to regions inaccessible in other systems.
C. Coupled resonators
Based on the fact that the resonators are highly tunable, we can study the electron-phonon strong coupling by varying the gate field [15, 16, 25, 27, 39] . Fixing V DC g1 = −0.657 V, and the corresponding resonance frequency f 01 = ω m,1 /2π = 121.7 MHz, we scan V DC g2 to make f 02 near-resonant with f 01 and record the current I 12 . In this case, we drive the two resonators simultaneously with two individual microwave sources at the same frequencies f g1,2 (−43 dBm for resonator 1 and −49 dBm for resonator 2). To achieve a better resolution, we show the numerically-differentiated dI 12 /df as a function of frequency f g1,2 and V DC g2 in Fig. 3(a) . As indicated by the inclined arrow, f 02 linearly decreases with increasing V g2 , and greatly modifies the current for the bias field that yields the peaks or dips observed in Fig. 2(c) . At these points, we also observed a change of mechanical resonance frequency of f 0,2 . Such phenomena arise from the strong phonon-electron tunneling interaction, which was firstly reported in 2009 [15, 16] . The fluctuation of electron charges on the CNT induces the back-action force on the mechanical modes, softening and damping the phonon modes [ Fig. 3(c) ]. The largest frequency shift is about 0.8 MHz, and the quality factors of the resonators are also largely reduced from 10,000 to 500 because of damping, corresponding to an increase of linewidth of phonon mode to 240 kHz. The frequency shift is about 3 times of magnitude larger than the linewidth of phonon mode, verifying the strong coupling of the mechanical motion and single-electron tunneling, and the damping rate induced by electron-phonon coupling γ e−ph /2π ∼ 240 kHz, showing that the mechanical motion is largely damped at these points.
In contrast to previous results, obtained for singlenanotube mechanical oscillators, our system shows an additional vertical line (corresponding to resonator 1) where the frequency does not change with V DC g2 . This line clearly demonstrates the influence of resonator 2 on the electron charge in resonator 1, which provides evidence of the non-local control of the electron charge by phonons. When this line encounters the photon-electron tunneling interaction frequency, as shown in Fig. 3(b) , the spectrum exhibits distinct features. A magnified 2D spectrum is shown in Fig. 4(a) , with a clear avoidedcrossing when scanning the frequency of resonator 2 by varying V DC g2 . To quantitatively verify this phonon-phonon interaction mechanism, we also theoretically modeled the system using the Hamiltonian ( = 1)
where Ω is the phonon hopping between two resonators arising from the tunneling. Therefore, the coupling induced new normal modes with hybridization of two os- cillators
with normalization factor N = (ω ± − ω m,2 ) 2 + Ω 2 4 and eigenfrequencies
The calculated hybrid modes are shown in Fig. 4(b) , by fitting the parameters from our system. The good correspondence with experiment confirms that the mechanism observed in Fig. 4(a) is coherent mechanical mode coupling. Especially, the obtained Ω/2π ≈ 200 kHz is an order of magnitude larger than κ 1,2 /2π ≈ 10 kHz. Therefore, the phonon-phonon coupling is in the strongcoupling regime Ω κ 1,2 , and can be used for further coherent manipulation [40] .
The coherent coupling is further studied for various V g1 . As indicated by Eq. 6, the coupling strength can be extracted directly through the minimum frequency difference between the hybrid modes (ω m,1 − ω m,2 = 0). Therefore, we plotted the spectrum of the minimum frequency splitting for different biased V g1 . Note that the V g1 changes the intrinsic frequency of ω m,1 , thus the V g2 is adjusted to match the ω m,2 for each plot. Again, the two symmetrical dips in the spectrum confirm the equal superposition of a 1 and a 2 (Eq. 5) for ω m,1 − ω m,2 = 0. Intriguingly, the coupling strength Ω shows a dependence on V g1 . This might be attributed to the increase of tension of the nanotubes with increasing V g1 , which reduces the evanescent phonon field on the S-electrode and suppresses the phonon tunneling. We find that the coupling strength Ω can be tuned from 190 kHz to 250 kHz when V g1 is varied from −0.66 V to −0.647 V (Fig. 4(d) ).
D. Phononic quantum bus and discussion

FIG. 5.
Phonon bus for spin qubits. Taking advantage of our novel fabrication method, the coupled CNT mechanical resonators could be extended to one dimensional resonator arrays, where a single CNT is put on a chip with multiple suspended sections. Combined with an electrically-configurable individual mode frequency and hopping rate, phonons could be manipulated and guided along the array on demand. Our study suggests that phonons are promising for quantum bus that can be used to transfer information over distances. It is instructive to consider two possible configurations: Given double quantum dots on each suspended section, phonons can assist single-electron tunneling between the dots, as demonstrated in Fig. 3 . As a result, the quantum charge state can be coherently coupled with the localized phonon. Alternatively, according to the inherent curvature and the spin-orbit interaction [23, 24, 41] , the spin states can be flipped by the phonons. Based on the phonon-phonon coupling demonstrated in this work, the excitation can be transferred between qubits over distance, and an effective qubit-qubit coupling can then be realized by the virtual collective phonon mode.
Specifically, we take the qubit as an example to illustrate the generation of spin entanglement states through the phononic quantum bus. As schematically shown in Fig. 5(a) , there are two mechanical resonators each containing a single spin. More generally, such effects also hold for an array of resonators. For ideal conditions, without any dissipation or decoherence, the initial state |↓↑ of the system would evolve to the state |ψ = |↓↑ − i |↑↓ , which is the maximum entangled state over a distance of the order of microns. For practical parameters, spin-phonon coupling strength g/2π = 3000 kHz [20, 21] (also see the supplementary materials), temperature T = 30 mK and Ω = 5000 kHz, the fidelity of the entanglement state F = Tr[ρ(t) |ψ ψ|) for various detuning ∆ is plotted in Fig. 5(b) (see Methods for details). Owing to the trade-off between phonon relaxation γ j and effective phonon-mediated coupling g eff , a moderate detuning ∆/g = 7 shows a longer coherence time and also maximum fidelity. In Fig. 5(c, d) , the fidelity versus g and Ω is shown for T = 300 mK and 30 mK, respectively. The results indicate that both strong phonon-phonon coupling and spin-phonon coupling are important for remote-entanglement generation. Although the thermal-excitation decoherence substantially degrades the entanglement fidelity, it is still possible to observe this remote-entanglement effect in the current experiment setup (T = 270 mK) if we can increase the Ω to 10000 kHz by decreasing the width of S [ Fig. 1(a) ]. High-fidelity remote-entanglement generation (F > 0.95) is promising with T = 30 mK, g > 500 kHz and Ω > 5000 kHz, which are parameters that can be readily realized with current technologies.
In summary, we have studied the electron-phonon coupling in strongly-coupled carbon nanotube nanomechanical resonators. Our study suggests the use of phonons as coherent quantum information carriers to mediate the effective interaction between electron spins. The engineered phonons can also be used to initialize, readout and manipulate the electron spin states. Using phonons as flying qubits is the first step in the exploration of multiple degrees-of-freedom electron-phonon systems. Possible future works would investigate CNT mechanical resonator arrays in phononic quantum memories [42] , also many-body interactions [43] and the implementation of possible quantum error correction schemes in coupled spin-phonon chains [44] . This system can even be further integrated with superconducting circuits to construct a hybrid quantum machine [45, 46] .
METHODS
Sample preparation The CNTs were grown using the ethane CVD method on a silicon substrate with trenches. The prepared CNTs were all double-or triple-walled CNTs, with diameters ranging from 2 to 3 nm. After depositing TiO2 nanoparticles onto the suspended parts of the CNTs for visualization, the inner shell of the CNTs were drawn out and placed in their proper positions with high precision using two homemade tips under an optical microscope. The electrodes and alignment marks were fabricated on an undoped silicon chip with 500 nm oxide, by optical lithography followed by metal deposition (5 nm Ti and 45 nm Au) with an electronbeam evaporator. Two gate electrodes beneath the resonators were fabricated by electron beam lithography (EBL) followed by metal deposition (5 nm Ti and 45 nm Au). Finally, the contact electrodes (10 nm Ti and 190 nm Au) were fabricated, to decrease the residual resists as much as possible. The EBL resists used here were singlelayered PMMA 950 A4 for the gates and double-layered for the contacts. After the transfer process, electrical annealing was used to improve the contact. The resistance of our devices was typically several hundred kΩ at room temperature.
Detection The driving AC signals were produced by two individual analogue signal generators (Agilent E8257D), attenuated by 30 dB at room temperature, then transmitted to the sample through Lake-Shore cables. There was an approximately 5 dB attenuation in the cable; however, we estimate a ∼3 dB error from sample to sample in our setup. Gate and bias DC voltages are controlled by the DC ports of a lock-in amplifier (SR830). AC and DC voltages are combined by a bias-T (Anritsu K251). Current through the resonator was measured by a multi-meter, after a pre-amplifier (SR570).
Theory of phonon mediated entanglement Considering the simple two-resonator case studied here, we obtain the system Hamiltonian as [20] [21] [22] For simplicity, we assume the phonon modes and spins are identical (ω s,1 = ω s,2 and ω m,1 = ω m,2 ). In the normal mode representation, we have A ± = 1 √ 2
(a 1 ± a 2 ), whose frequencies differ by Ω. Allowing the phonon modes to be largely detuned from the spin transitions (ω s,1 = ω m,1 − Ω/2 − ∆), therefore mediates the spin-spin interaction but rarely absorb the excitations. By adiabatic elimination of the phonon modes, the spins obey the Master equation as 
with g ef f ≈ g 2 Ω/2 ∆(∆+Ω) and Lindbald form L(o, ρ) = 2oρo
Here, the pure dephasing rate γ j,ph /2π = 1 kHz is estimated from hyperfine interaction [47] , and the intrinsic energy relaxation is neglected owing to the negligible environment phonon density of state, and the effective energy relaxation rate arising from a 1,2 is γ j ≈
.
